Linear Transformation

Example
1 -3 5 3 3
Let A=| 3 5 ] u= [_1], b= l 2 ] c 2[ 2 ],and define a transformation 7 : R?
-1 7 -5 5
— R3 by T(x) = AX, so that
1 =3y X1 — 3x;
T(x) = Ax = l3 5 ][xll: 3x1 + 5x,
-1 7 2 —x1 + 7x,

a. Find T(u), the image of u under the transformation T.
b. Find an x in R? whose image under T is b.
c. Is there more than one X whose image under T is b?

d. Determine if c is in the range of the transformation T.
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Linear mapping

Theorem

Let (vq,...,1,) be a ordered basis of finite—dimensional vector space V
over the field F and (wy,...,w,,) an arbitrary list of any vectors in W.

Then there exists a unique linear map
T:V ->W such that T(Ul') = W;.
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Linear mapping

Example

Which are linear mapping?

Qzeromap 0:V > W T(0+0) ~T(a)sT(b)=0 > ) = M=o

O identity map I : V - V T(Oérm = n < \p :fl‘\-b 3 TU\O\\= XK&:%O”

Q Let T : P(IF) - P(F) be the differentiation map defined as Tp(,) = P(2) _cJ::Ls_‘_’_'g
E‘ Let T : R? - R? be the map given by T(x,y) = (x —2y,3x+y) |T- \l_f] [:ﬂ
O T(x) = e* ﬁlﬂj-t:f;\“’ b Xn) = (A11X1 + -+ QX oy A1 X1 + - + X))

OT:F->FgvenbyT(x) =x —1 QLTE%—\ :T(\#[j\=TmTT?j = “*U‘_TX
Z

—_
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Algebraic Operations on L(V,W)

Definition

Let Sand T € L(V,W) and A € F. The sum S + T and the product AT are the

linear maps from V to W defined by:
(S+T)(w) =Sv+Tv and (AT)(v) = A(Tv)

Forallv eV,
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With the addition and scalar multiplication as defined above, L(V, W) is a vector
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Null Space

Definition

Let T:V — W be a linear map. Then the null space or kernel of T is the
set of all vectors in V that map to zero:

N(T) = Null(T) ={v € V | Tv = 0}

Q Nullity(T) := Dim(Null(T))
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Null Space

Theorem

Suppose T € L(V,W). Then null T is a subspace off;*qj,/_
1) T(o+0)= YTOY =7 TA =0 = =Ler0

o 2) T(vv) = —TU\\*\‘TO’\ _pto =D Wyve wol\ (T) > ueve nvid T
Ty = TOu) = 0 1 = wenllT = eald]
Theorem

Suppose T € L(V,W). Then null T is vector space.
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Null Space

Example

Find Null Space T?
Qzeromap 0:Vo>w all v~ CondtraA™ ;\

Q Let T : P(IF) - P(F) be the differentiation map defined as Tp(,) = P(z) T =
O Let T : C3 - C be the map given by T(x, y,z) =x+2y+3z podd T = K' ng-f”-c
Q T(P(x)) = x2P(x) |\ T=13e7 P A Gt

QT € L(F™) given by T(xy, %y, ..) = (%5, ) wall T2 (00,0, -— )

. v \ /
0 When is Nullity(T) =02 when T i injechve (£ )
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Range

Theorem

Suppose T € L(V,W). Then range T is a subspace of V.

Proo@_ﬂfﬂ =0 = 80 0 )
v 0t =D o Rowe T, \oc—\%az,kcbado
@ A T =ay —()=lo = Tt fon Cﬂ%’ﬂ

Q Iy Ty =0 = (W= AT (W)= Ao :p&e-%@“{(%?\&(—

Theorem

Suppose T € L(V,W). Then range T is vector space.
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Range

Example
Find Range T?
O zeromap 0:V ->W Oﬂ\é« O 1S V“OTJ(; RM\%QT:/
Q Let T:P(F) - ?(IF") be the differentiation map deflned as Tp(y) = P(2)

2
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Injective and homogeneous linear equation

Theorem

Let T: R™ - R™ be a linear transformation. Then T is one—to—one if and only if

the equation T(x) = 0 has only the trivial solution. v
Cose 1 - TS .ndcdrwe. =r> o T(b)zouf’/d LT —D/&vadli_}
Proof *o€ )J/’) \_ul/ =l
. / )
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CE282: Linear Algebra Hamid R. Rabiee & Maryam Ramezani 52



One—to—One and Null Space

Theorem

Let T:V — W be a linear transformation. Then T is one—to—one if and only if
the equation Null(T)={0} (Nullity(T)=0").
Proof o _ \;} :—;;
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Example

Example

Let T be the linear transformation whose standard matrix is

1 -4 8 1
A=<0 2 -1 3)
0 O 0 5
MM?ISTaone—to—one apping? y —
Q) A ;/mspm L IRT « ey,
AU Fat =
‘ )(.,_—%)Lr-rﬂitﬁ-\t-——'
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One—to—One Linear Transformation

Important

Let R™ — R™ be a linear transformation, and let A be the standard matrix for T. Then:

a. T maps R" onto R™ if and only if the columns of A span R™.
b. T is one—to—one if and only if the columns of A are linearly independence.

Example ' T.R" ——7er

Let T(xy,x5) = (3x; + x5,5x; + 7x5,%; + 3x,). Show that T is a one—to—one linear transformation.
Does T map R? onto R3 ?
/

S
Tt = K ‘\K ’WT/—L‘(_'MO’"“L”O;J
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Onto Transformations

Example

Which one is surjective?

S by NG
Q D € L(Ps(R)) defined by DP = P/  ——= " 'y

0 S € L(Ps(R), P4(R)) defined by SP =P’ & ).
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dim V = dim null T + dim range

Theorem

Let VV be a finite—dimensional vector space and T € L(V,W). Then rang T is

finite—dimensional and
Dim(V) = Nullity(T) + Dim(range(T))

Proof
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dim V = dim null T + dim range

Corollary

Linear map to a lower—-dimensional space is not injective.
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Proof
Corollary

Linear map to a higher—dimensional space is not surjective

é\m qu\aﬁT élm\J— éxm ﬂMQvQT \<Q\m <o\\'m\l\/
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dim V = dim null T + dim range

Example

4 3
\ |l | ' / J
din FISdnES /) a5

Is T injective or not?

T: F* - F3
T(x1, %5, %3,%4) = (N7xy + xy + x4,97x1 + 3%, + 2x3, X, + 6x3 + 7x4)
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