
Schur Triangularization: 

Proof by reduction, 

 

 

 

 

 

 

 

  



 

det(𝐴) = 𝜆1𝜆2 … 𝜆𝑛 

𝑝𝑟𝑜𝑜𝑓: 

 
→ det(𝐴) = det(𝑈𝑇𝑈∗) = det(𝑈𝑈∗) det(𝑇) = det(𝑇) 

𝑇 =   [
𝜆1 ⋯ 𝑠𝑜𝑚𝑒 𝑣𝑎𝑙𝑢𝑒
⋮ ⋱ ⋮
0 ⋯ 𝜆𝑛

] → det(𝑇) =  𝜆1′𝜆2′ … 𝜆𝑛′ 

 𝐴 𝑎𝑛𝑑 𝑇 𝑎𝑟𝑒 𝑠𝑖𝑚𝑖𝑙𝑎𝑟 𝑠𝑜 𝑡ℎ𝑒𝑦 ℎ𝑎𝑣𝑒 𝑠𝑎𝑚𝑒 𝑒𝑖𝑔𝑒𝑛𝑣𝑎𝑙𝑢𝑒𝑠 → 𝜆1
′ 𝜆2

′ … 𝜆𝑛
′ =  𝜆1𝜆2 … 𝜆𝑛 → 

 det(𝐴) = 𝜆1𝜆2 … 𝜆𝑛   

 
 

𝑡𝑟(𝐴) =  𝜆1 + ⋯ +  𝜆𝑛 

𝑝𝑟𝑜𝑜𝑓: 

𝑡𝑟(𝐴) = 𝑡𝑟(𝑈𝑇𝑈∗) = 𝑡𝑟(𝑈𝑈∗𝑇) = 𝑡𝑟(𝑇) =  𝜆1 + ⋯ + 𝜆𝑛 

 

 

 

 

  



Spectral decomposition: 

𝐴 = 𝑈𝐷𝑈∗ → 𝐴∗𝐴 = 𝐴𝐴∗  

→ 𝐴∗𝐴 = 𝑈𝐷∗𝑈∗𝑈𝐷𝑈∗ = 𝑈𝐷∗𝐷𝑈∗ = 𝑈𝐷𝐷∗𝑈∗ = 𝑈𝐷𝑈∗𝑈𝐷∗𝑈∗ = 𝐴𝐴∗ 

 

𝐴∗𝐴 = 𝐴𝐴∗ → 𝐴 =  𝑈𝐷𝑈∗ 

𝐴 = 𝑈𝑇𝑈∗ → 𝑈𝑇∗𝑈∗𝑈𝑇𝑈∗ = 𝑈𝑇𝑈∗𝑈𝑇∗𝑈∗ → 𝑇∗𝑇 = 𝑇𝑇∗ → 

𝑇 𝑖𝑠 𝑛𝑜𝑟𝑚𝑎𝑙 𝑢𝑝𝑝𝑒𝑟 𝑡𝑟𝑎𝑖𝑛𝑔𝑢𝑙𝑎𝑟 → 𝑇 𝑖𝑠 𝑑𝑖𝑎𝑔𝑜𝑛𝑎𝑙  

+why? 

 

  



Cholesky decomposition: 

Existence: 

𝑖𝑓 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑒 𝑡ℎ𝑒𝑛 𝐴 = 𝑅∗𝑅 ∶ 

𝐴 𝑖𝑠 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑒 → 𝐴 𝑖𝑠 ℎ𝑒𝑟𝑚𝑖𝑡𝑖𝑎𝑛 → 𝐴 𝑖𝑠 𝑛𝑜𝑟𝑚𝑎𝑙 → 𝐴 = 𝑈𝐷𝑈∗  

𝐴 𝑖𝑠 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑒 → 𝑑𝑖𝑎𝑔𝑜𝑛𝑎𝑙 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑜𝑓 𝐷 𝑎𝑟𝑒 𝑅𝑒𝑎𝑙 𝑎𝑛𝑑 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 → 𝐷 = 𝐷
1
2𝐷

1
2 

→ 𝐴 = (𝐷
1
2𝑈)

∗

𝐷
1
2𝑈  

𝑈 𝑖𝑠 𝑢𝑛𝑖𝑡𝑎𝑟𝑦 𝑎𝑛𝑑 𝑓𝑢𝑙𝑙 𝑟𝑎𝑛𝑘, 𝐷 𝑖𝑠 𝑑𝑖𝑎𝑔𝑜𝑛𝑎𝑙 𝑤𝑖𝑡ℎ 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠 𝑠𝑜 𝑖𝑡′𝑠𝑓𝑢𝑙𝑙 𝑟𝑎𝑛𝑘 

𝑝𝑟𝑜𝑑𝑢𝑐𝑡 𝑜𝑓 𝑡𝑤𝑜 𝑓𝑢𝑙𝑙 𝑟𝑎𝑛𝑘 𝑚𝑎𝑡𝑟𝑖𝑐𝑒𝑠 𝑖𝑠 𝑓𝑢𝑙𝑙 𝑟𝑎𝑛𝑘. 

→ 𝐷
1
2𝑈 = 𝑄𝑅 → 𝐴 = (𝑄𝑅)∗𝑄𝑅 = 𝑅∗𝑅 

 

𝑖𝑓 𝐴 = 𝑅∗𝑅 𝑡ℎ𝑒𝑛 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑒: 

𝑥∗𝑅∗𝑅𝑥 = (𝑅𝑋)∗𝑅𝑥 = ||𝑅𝑋||
2

> 0 

  

Uniqueness: 



 


