Matrix Calculus

Derivative Definition

The simplest form of multivariable differentiation, vector differentiation
generalizes the one-dimensional concept of a derivative to functions with

vector-valued inputs or outputs.

We develop the concept of the gradient by generalizing the limit definition

of the (single-variable) derivative, which is

fo) — 1 L@~ @)

t—0 t

to functions where the input is a vector.

In the multivariable case, what ¢ — 0 means is less clear, as there are
many directions in which one could approach a point in R".

Given a vector d with the same dimension as Z, we could consider the limit

-,

V£(@)d = lim L2 1) = S(@)

t—0 t

which may be thought of as a function of both Z and d.
If we want a definition for the multidimensional derivative % at a given point Z, it should not

depend on j

Examples

- For any n-dimensional vector ,

dz
= =1,
dz

where I,, is the n X m identity matrix.
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Proof: By definition, for any n-dimensional vector Ei

(% + td) — (%)
dz t—0 t

We note that % = I, satisfies the limit definition.

+ For any n-dimensional vector  and n X n constant matrix A,

dzT A%

:—*TA AT
o ' (A+A%)

Proof: By definition, for any n-dimensional vector J

deTAZ - . (& +td)TAZ +td) — 2T A%
dz t—0 t
= lim (d" A% + %7 Ad + td” Ad)

t—0
—d'Az +2TAd
—2TATd +%TAd

Notation

The notation that we will use may be different from other resources. For more information see
this.

Types of matrix derivative

Types Scalar Vector ‘ Matrix
0
Scalar _y
ox
0
Vector _y
ox
. oy Tensor! (Optional part
Matrix X of this course)



https://en.wikipedia.org/wiki/Matrix_calculus#Layout_conventions

Vector-by-scalar

The derivative of a vector y € R™, by a scalar x is written as:

_%_
M
oYz
oy _ | %
ox :
OYym
- Oz -

Scalar-by-vector

The derivative of a scalar y, by a vector x € R" is written as:

% oy oy oy
ox | Oz Oxa Oz,

Vector-by-vector

Each of the previous two cases can be considered as an application of the derivative of a

vector with respect to a vector, using a vector of size one appropriately.

The derivative of a vector y € R™, by a vector x € R" is written as:

[0y Oy Oy 7
axl 8x2 e Oxn
Oy Oyz Ays
3y | Oz Oza cc 0z,
83,: . . .
OYym  OYym Oym
L 81‘1 8%2 o 811371 .

Matrix-by-scalar

The derivative of a matrix Y € R"*" by a scalar x is given by:

B 81/11 81;12 8len ;
8 8 e o o 8
oY o Oz Oz ce oz
Oz : : .
Y1 OY o Y n
- Oz ox T Ox -




Scalar-by-matrix

The derivative of a scalar y by a matrix X € R™*" is given by:

[ Oy dy 9y 7
0X 0X T 0Xm
by oy oy
Oy | 90X 0Xs "7 0Xpe
aX . . . .
Jy Jy 0y
L 0 X1, 0Xan T 0Xon

Gradient

For notational conventions that we use, the gradient of f(x) : R™ — R is the derivative
(some resources use the transpose of the derivative).

Vi) = 1O

Note that the size of V. f(x) is always the same as the size of x, but transposed. So if €
R™, then we have

s = [ 2

Hessian

Suppose that f(z) : R™ — R is a function that takes a vector in R™ and returns a real
number. Then the Hessian matrix with respect to x, written Vif(m) or simply as H is the
n X n matrix of partial derivatives,

[ 0*f(z)  O*f(a) 0°f(x) ]
0x10x1 0x10z2 v 0x10z,
’fx)  Of(x) 0’ f(x)
V?L«f(w) _ 8%2.8:131 8ac2.6m2 te axg.ﬁxn
Piw) @) 0 1(2)
| 0z,,0z1 0z, 0z cc 0z, 0z,

In other words, V2 f(z) € R™", with

(VEF@) = g



Note that the Hessian is always symmetric, since

0°f(z) _ 0*f(=)
82131'833]' B 833]8331

Rules

We will present the product rule and chain rule based on our notational conventions.

Chain rule

We want to generalize the chain rule for single-valued functions, 8f(gg§$)) = a](;;g((mw))) 6%(;) . to

multi-valued functions.

1. Matrix-scalar and scalar-matrix

By the definition, we can easily conclude that for scalars x, u and matrix Y, we have:

oY _ 0 ou
or  Ou Ox
, and also for matrix X and scalars Y, U:
Oy _ 9y Ou
0X OudX

.0y _ Oy ou
2. Vector-vector: 3 — Du Ox

For vectors € R",y € R™, u € R! we have:

(@).. _ Oy
Bzc " 8wj
U
If y; is a function of vector u = , We can write
Uy

l l

Oyi Oy; Our Oy, Ou,  (0ydu
ox; kz_; Ouy, 0z; ;(8u)lk(8x)k] B (8u 3513)1’]’




So we can conclude that 9 _ Oy @.
oz ou Oz

Product Rule

For single-valued functions f(z), g(z) : R — R we know that

(f(2) +9()" = f'()9(2) + f(2)d ()
Let's generalize this to multi-valued functions.

1. Matrix-scalar: ‘9543
a

If A € R™" B € R™! be matrices which elements are functions of scalar .

0(AB)y; _ i O(AixBrj)

oo — Oa

_ z": aBkJ 0 A,

8 Bk]]

3B 0A
= (Aa—a)z'j + (a—aB)z'j

M) _ (a28) 4 &2

B)

2. Scalar-vector: 5
xZr

If y, 2 € R™ be vectors which elements are functions of z € R™.

oy’ z Oyizi Oz, Oy 1 0z

8:13k Z 3:13k N Z 8£Ek + 8mk ] J (6a:k (8wk)
oy’ z _ p, 02 r, 0y
or Y () T (5,)

For example we know that for a matrix A € R™*" that is not a function of x € R", the

derivative % equals A. Because

0(Ax)

( Ox

ij — - Ai — Az"
)j 8wj 8mj P KTk J




So we can compute the derivative below by chain rule:

d(zTAz)  0(Ax) 0T
Ox -7 Ox + (4z) oz

We know that g—i =1 so

T

Lx Az) =zTA+ (Az)! =27 (A4 + A7)

ox
Examples
Gradients

It follows directly from the equivalent properties of partial derivatives that:

* Vo(f(2) +9(2) = Vo f(2) + Vag(a).
- Fort e R, V. (tf(z)) =tV.f(x).

1. Linear functions (f(z) = b’ z)

Forz € R™, let f(z) = b z. So:

0f(z)

(%ck

f(w):Zbiwii = by = V. f(z) =b"
i=1

This should be compared to the analogous situation in single variable calculus, where

0 —
%CMC == a.

Clearly V2 f(x) = 0.

2. Quadratic functions (f(z) = T Ax)

Now consider f(z) = 2T Az for A € S™. So:



n n

f(z) = Z > Az,

i=1 j=1
of(x 0
= gi ) — 5z [Z Z Ajjzix; + Z Aipxixy + Z Apizra; + Akkwﬂ
¢ itk gtk i#k j#k
- Z A + E Apjz; + 2AmTr
ik 7k

= Z Airz; + Z Apjz;
i=1 j=1
= (ATCI})k —+ (A:B)k
= Vof(z) = (A+ AM)z)" = 2"(A" + 4)
To compute Hessian we have:

0’f(z) _ 8f(w)[ -
3:Bka$l N aCL‘k i—

= Vif(z)=AT + A

(A + Ali)xz} = (Ap + Ai)
]

If A is symmetric, then V. f(z) = 22T A and V2 f(x) = 2A, which should be entirely

2
expected (and again analogous to the single-variable fact that %a:ﬁ = 2a).

3. Least Squares (|| Az — bl|3)

Suppose we are given matrix A € R™*™ (for simplicity we assume A is full rank) and a
vector b € R™ such that b ¢ R(A). In this situation we will not be able to find a vector z €
R™, such that Az = b, so instead we want to find a vector x such that Az is as close as
possible to b, as measured by the square of the Euclidean norm || Az — b||3.

| Az — b||5 = (Az — b)T (Az — b)
— 2T AT Az — 207 Az + b7b

Taking the gradient with respect to x we have, and using the properties we derived in the
previous section

V.||Az —b||2 = 227 ATA — 2" A

Setting this last expression equal to zero and solving for & gives the normal equations



z = (ATA)"1ATp
4. Determinant (| A| and log | A|)

Recall from our discussion of determinants that

n

|A| = Z(_l)Hinj‘A\i,\j‘ (for anyj € 1,... ,n)

1=1
SO

8 8 & .
Al = - (1) A Ayl =

= (adj(A))um

From this it immediately follows from the properties of the adjugate matrix
Val4| = adj(4) = |4]A™

Now let’s consider the function f : S* — R, f(A) = log | A|. Note that we have to restrict
the domain of f to be the positive definite matrices, since this ensures that |A| > 0, so that
the log of | A| is a real number. In this case we can use the chain rule to see that

Olog|A| Olog|A|0|A] 1 0|A]
0A; O0|A| 0A; |A]dA;

From this it should be obvious that

Valog|A| =
Note the similarity to the single-valued case, where 5 loga: =1/x.
5. f(A) = y' Az

For matrix A € R™*":

of(A
3Akl 5Akl Z Z Aiyi;

=1 1=1
= Y] = (xy )lk
= Vaf(4) = zy"



Trace

According to trace definition, for a square matrix A € S™:
n
i=1

We can conclude that:

- Otr(X)/0X = I.
- Otr(U +V)/0X = 0tr(U)/0X + 0tr(V)/0X.
« Otr(alU)/0X = adtr(U)/0X. ais not a function of X.

1. tr(AX)
For A € R"™ and X € R™ ",
(AX)w =) AnXy
i=1
tr(AX) =) ) AuXiy = tr(X A)
k=1 i=1
0 tr(AX) = A; = i1:r(AX) =A
0X;; YD, ¢ B

Based on this result we can solve part 5 of previous section, differently:

f(A) = yT Az = tr(yT Az) = tr(zy” A) = % = zy’

Generally, we have the differential form:

_ of _
Of = tx(A0X) = S = A

2. tr(XTAX)

The product rule applys to the differential form, and this is the way to derive many of the
identities involving the trace function, combined with the fact that the trace function allows
transposing and cyclic permutation.



otr(XTAX) = tr(0(XTAX))

= tr(0(XT)AX) + tr(XT9(AX))

= tr((XTATo(XT)")T) 4+ tr(XTA0(X))
otr(XTAX)

= XT(A+ AT
T ax (4+45)

3.yl Az
yT A e = otr(yT A 'z) = tr(zy’0(A ™))
To compute (A1), we use the definition of inverse of matrix:
AA=1
(A 1TA)=0I=0

A719(A) + (A HA =0
= 9(A ) = —A19(A)A

Now, we continue:

tr(zyT0(A™Y)) = tr(—zyTA10(A)A™)

T p-1
= (A ey A o) = PEED iy

Some resources may use a different definition for scalar-by-matrix derivative. See this for its
reason.

4.tr(BA™1)

8tr(BA‘1) = tr(Ba(A‘l)) = tr(—BA‘la(A)A‘l)
= —tr(A‘lBA‘la(A))
otr(BA™Y) 4
= oA = —A "BA
5. Jacobi's formula

In matrix calculus, Jacobi's formula expresses the derivative of the determinant of a matrix A
in terms of the adjugate of A and the derivative of A.
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dit det A(t) = tr(adj(A(2)) %(f)) — det A(t)tr(A()”

To proof this, we know that | A| is a function of

A, Ao, ..o Arp, Aoy, Aoy ..oy A2, ..., Ay, SO We can write
0lA| _ <~ 94| 04y
ot ” 0A;; Ot
W 0|A] .
e already know that 7= = (adj(A));i. So

% - Z(adj(A))ji(aa—:l)ij

ij

By the definition of the trace, we can rewirte the above equation

olAl ., L O0A
o = (e g;)
By the definition of the Adjugate matrix, adj(A) = |A|A™!, so

% ~ tr(\A\A*%) ~ |Aytr(A—1%—‘;1)
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